
 

5.4 Mean value theorem and applications

In the following we shall look at differentiable
functions on the interval D Ca b c R

Proposition 5.9 Mean value theorem

Let as ca ab cos Let f a b IR

be continuous and differentiable on ca b

Then there exists Xo e Ca b with

f b flat tf ko b a

that is

f xo fcb fca
b g

is the slope of the secant through G flat
Cb fCbl e Gtf
fr

I
I

o l f l Sx
a Xo b



Proof
i we first look at the case where flat fcb 0

Then since f is continuous there exist
I T E la b such that

flat a finbfGl to

and fix max
at xe b f x 20

recall that fC a 4 Jc R is an interval

If flat O f G then f 0 then also

f 4 7 0 V XE Ca b

Otherwise let without loss of generality fatso
Then a L Ic b and we have

Oz fifzfGYEEI fkxt fjm.ttIffIIzo
so f I O

ii For general f consider the function
g a b IR with

gal ft flat ftp.fa cx aD



Apparently g is continuous on a b and

differentiable on a b with

g x f x flbaLj XE Ca b

Furthermore gla o gcb i claim
a

As a first application we have

corollary 5.1
Let f be as in Prop 5 9

If f 0 on ca b then f is constant

Proofi
For a ex eye b there exists x C Cx y
with

ftp.jf f'Cxo o

claim follows A

Proposition 5.10
Let f La b R be continuous and
differentiable on ca b

i If H X E Ca b f x 20 a f G so f G to fYxk
then f is monotonically increasing



a strictly monotonically increasing
monotonically decreasing
strictly monotonically decreasing
on la b

ii Is f monotonically increasingcardecreasing
then we have f'G z o ca f G Eo

for all e ca b

Proof
We just look at the case f G so txc.ca b
the other cases are analogous
Assume that f is not strictly monotonically
increasing Then I x X E la b with x us
and fix Zf Hz Prop 5.9 F XoCLx xD
s t

f'G ftp.t 0

This is a contradiction to ft o

f is strictly monotonically increasing
ii Let f be monotonically increasing
Then we have for all x E Gi xD xt X



f x ft 030

Taking the limit x Xo then gives f ko of
Remark 5.4
Is f strictly monotonically increasing then

it does not automatically follow that f so

for all x e x Xs This is shown by the
example of the strictly monotonic function
fCx X for which we have f lo 0

Example 5 13
i For a differentiable function f R R

and a ne R we have f af so

V t e R i f Ct tfCt
Then

V t e R i fCt flo eat

Proofi
Consider the differentiable function g with

gut fetal e
At
fth te R



Then we have

g th ddt e it f t e
it fit

e Atta fCH tf Ctl 0

for all te Ri so

gut glo fco
due to e

0 1 and corollary 5 I
and t te IR fctl ettgCH fcde.it

MiiThe function f x ft satisfies

f x 211 1 2 4 2

l 1 212
2 I x2

p
so

far x 1 thus f Ct os oil

is strictly monotonically decreasing
Corollary 5.2 l Hospital rule

Let f g a b R be continuous and

differentiable on Ca b with g to

for all x e ab Further let fCaI o gCa
and let finna fff A



g

Then gG to for all sa and we have

finna FI A

7
96

i If gH O for some x sa then there

exists according to Prop 5.9 a x cCa x

with g xo o in contradiction to our

assumption
ii Fa fixed s a consider the function

had fgfssf gcxl f.CH xe as

The function hi La s IR is continuous

and differentiable on Ca s with Kako
and h s o According to Prop 5 9 there

exists an x x Cs c Ca s such that
0 h'Cx ft x fgG

of G

That is fg fgY With s a we then

have us a and

IET finna A
D



g

Example 5.14
i we have

fins 4 fins 2

ii we have

Lingo sinf a fizzy Cox L

iii we can also apply the l Hospital rule
several times With ID we get

him 1 0342 fins siz Izx o

However in many cases we don't need
the l Hospital rule and can reach our

conclusions with other methods
in

gang eI lines Lyke H o


